Recently a cubic Galileon cosmological model was derived by the assumption that the field equations are invariant under the action of point transformations. The cubic Galileon model admits a second conservation law which means that the field equations form an integrable system. The analysis of the critical points for this integrable model is the main subject of this work. To perform the analysis, we work on dimensionless variables different from that of the Hubble normalization. New critical points are derived while the gravitational effects which follow from the cubic term are studied.
INTRODUCTION
A theory which has drawn the attention of the scientific society in the last few years is the Galileon gravity [1, 2] . It belongs to the modified theories of gravity in which a noncanonical scalar field is introduced and the field equations are invariant under the Galilean transformation. The Action integral of the Galileon gravity belongs to the Horndeski theories [3] , which means that the gravitational theory is of second-order [4] . The vast applications of study for Galileons in the literature covers all the areas of gravitation physics from neutron stars, black holes, acceleration of the universe, for instance see [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] and references therein.
In this work we are interested in the cosmological scenario and specifically in the so-called Galileon cosmology [22] [23] [24] . In cosmology, the Galileon field has been applied in order to explain various phases of the evolution of the universe [25] [26] [27] [28] [29] . Specifically the new terms in the gravitational Action integral can force the dynamics in a way such that the model fits the observations. The mechanics can explain the inflation era [30] [31] [32] [33] [34] [35] [36] as also the late time-acceleration of the universe [37] [38] [39] [40] [41] [42] . Last but not least the growth index of matter perturbations have been constrained in [43] .
As we mentioned in the previous paragraph, Galileon gravity belongs to the Hondenski theories and specifically there is an infinite number of different models which can be constructed from a general Lagrangian. A simple model is the cubic Galileon model [11] [12] [13] [14] [15] [16] [17] where the Action Integral is that of a canonical scalar field plus a new term which has a cubic derivative on the Galileon field. The theory can be seen as a first extension of the scalar field cosmology. Due to this cubic term, the nonlinearity and the complexity of the field equations is increased dramatically. Recently in [44] a cubic Galileon model was derived which admits an additional conservation law and where the field equations formed an integrable dynamical system.
Integrability is an important issue in all the areas of physics and mathematical sciences. The reason is that while a dynamical system can be studied numerically, it is unknown if an actual solution which describes the "orbits" exist. The integrable cubic Galileon model admits special solutions which describes an ideal gas universe, that is, power-law scale factors. While this is similar to the solution of the canonical scalar field, we found that the power of the power-law solution is not strongly constrained by the Galileon field and that is because of the cubic term. On the other hand a special property of that model is that when the potential in the Action integral dominates, then the cubic term disappears which mean that the theory approach is that of a canonical scalar field. However as we shall see from our analysis, the existence of the conservation law provides new dynamics which have not been investigated previously.
The scope of this work is to study the evolution of the integrable cubic Galileon cosmological model. For that we perform an analysis of the critical points. In particular, in Section 2 we briefly discuss the cubic Galileon cosmology and we review the integrable case that was derived before in [44] . Section 3 includes the main material of our analysis where we rewrite the field equations in dimensionless variables. We define variables different from that of the Hnormalizaton where we find that the dynamical system is not bounded. Because of the latter property the critical points at the finite and the infinite regions are studied. At the finite region we find various critical points which can describe the expansion history of our universe as also the matter dominated era. Appendices A, B, C, D, E and F include important mathematical material which justify our analysis. One important property of the integrable model that we study is that there is a limit in which the terms in the field equations (which follow from the cubic term of the Galileon Lagrangian) vanish and the model is then reduced to that of a canonical scalar field cosmological model. Hence, in order to study the effects of the cubic term in Section 4 we perform an asymptotic expansion of the solution when the cubic term dominates the universe. In Section 5 we extend our analysis to the case where an extra matter term is included in the gravitational Action integral. Finally, we discuss our results and draw our conclusions in Section 6.
CUBIC GALILEON COSMOLOGY
The cubic Galileon model is defined by the following Action integral
which has various cosmological and gravitational applications.
In the cosmological scenario of a homogeneous and isotropic universe with zero spatially curvature the line element of the spacetime is that of the FLRW metric
where a (t) is the scale factor of the universe. Indeed for this line element, variation with respect to the metric tensor in (1) provides the gravitational field equations
and
while variation with respect to the field φ, provides the (modified) "Klein-Gordon" equation
which describes the evolution of the field, and H =ȧ a . Recall that we have assumed that the Galileon field inherits the symmetries of the spacetime, that is if K µ is an isometry of (2), i.e. [K, g µν ] = 0, then φ inherits the symmetries of the spacetime if and only if [K, φ] = 0. Therefore φ is only a function of the "t" parameter, i.e. φ (x µ ) = φ (t). An equivalent way to write the field equations is by defining fluid components such as energy density and pressure which corresponds to the Galileon field. Indeed if we consider the energy density
and the pressure term
the field equations take the form
µν is the energy momentum tensor corresponding to the Galileon field and
in which u µ = δ µ t is the normalized comoving observer (u µ u µ = −1). Last but not least equation (5) is now equivalent to the Bianchi identity T (G)µν ;ν = 0, that is,
Last but not least the dark energy equation-of-state parameter is defined as follows.
It can be shown that with a proper election of g(φ), the equation-of-state parameter w DE can realize the quintessence scenario, the phantom one and cross the phantom divide during the evolution, which is one of the advantages of Galileon cosmology. In general the specific functions of g (φ) and V (φ) are unknown and for different functions there will be a different evolution.
The extra conservation law
Recently in [44] two unknown functions were specified by the requirement that the gravitational field equations form an integrable dynamical system. Specifically the following functions were found
There exists a symmetry vector which provides, with the use of Noether's second theorem, the following conservation law for the field equations
Because of the nonlinearity of the field equations the general solution cannot be written in a closed-form. However from the symmetry vector invariant curves have been defined and by using the zero-th order invariants some power law (singular solutions) have been derived. In particular the following solutions were obtained:
These solutions are special solutions since they exist for specific initial conditions. In order to study the general evolution of the system we perform an analysis in the phase-space. A phase-space analysis for this cosmological model has been performed previously in [16] , however the integrable case with g (φ) and V (φ) given by the expressions (11) were excluded from [16] . Moreover there is a special observation in the integrable case in the sense that V (φ) g (φ) = const. The latter means that when V (φ) dominates, g (φ) becomes very small and the cubic Galileon model reduces to that of a canonical scalar field which can mimic also the cosmological constant when V (φ) ≫φ 2 . In the following we write the field equations in new dimensionless variables and we perform our analysis.
EVOLUTION OF THE DYNAMICAL SYSTEM
From equation (3) one immediately sees that the Hubble function H (t) can cross the value H (t) = 0, from negative to positive values, or vice-verca. This means that the standard H-normalizaton is not useful and new variables have to be defined. We introduce the new variables
Analysis at the finite region
The fixed points/ fixed lines at the finite region of the system (16) , and a summary of their stability conditions are presented in table I. In table II we display several cosmological parameters for the fixed points at the finite region of the system (16) . The discussion about the physical interpretation of these points and the points at infinity is left for section 3.4 
TABLE III: Summary of the stability conditions of the fixed points at infinity of the system (16) .
Saddle
The stability condition of a fixed point along r is then r ′ /r < 0. The full stability of the above fixed points is summarized in the table III.
Numerical analysis
Let us complete our analysis by performing some numerical simulations. Specifically we choose the constants of the model to satisfy the conditions
. Moreover we impose the condition p > 1 3 , which guarantees the stability of the perturbation of the scaling solution [44] . Because we have chosen α ≥ 0, this leads to the "allowed" region on the parameter space defined by
as displayed in figure 1. The green dot corresponds to the points P 6 (x c ). In the special case λ 2 = 6, p = 2 3 we have 1 + αλ = 0, thus, the polynomial P(x) is quadratic and there are only two roots of P(x) = 0. The blue contour is defined by f 4 (x, y, −1) = 0. As shown in the figures this line is singular and attracts some orbits. The brown solid line corresponds to intersection of the invariant surface 2αx 3 λx − √ 6z + y(x 2 − z 2 ) + y 2 = 0 and the invariant set z = −1. In the top figures, P 8 attracts some orbits, but others are attracted by one the of green points associated to P 6 (x c ). P 8 is not the attractor of the whole phase space since αλ < In figure 2 , it is presented a Poincarè projection of the system (16) on the invariant set z = −1. The green dots correspond to the points P 6 (x c ) (that we solved numerically). In the special case λ 2 = 6, p = 2 3 we have 1 + αλ = 0, thus, the polynomial P(x) is quadratic and there are only two roots of P(x) = 0. The blue contour is defined by f 4 (x, y, −1) = 0. As shown in the figures this line is singular, and attracts some orbits. The brown solid line corresponds to intersection of the invariant surface 2αx 3 λx − √ 6z + y(x 2 − z 2 ) + y 2 = 0 and the invariant set z = −1. In the top figures, P 8 attracts some orbits, but others are attracted by one the of green points associated to P 6 (x c ). P 8 is not the attractor of the whole phase space since αλ < 1 4 . In the bottom figures P 8 is the attractor, not just in this invariant set but in the whole phase space since αλ > 
Discussion
In this section we discuss the stability conditions, cosmological properties and physical meaning of the (lines of) fixed points in both finite and infinite regions.
• P 1 : (0, 0, 0) always exists. To analyze the stability we resort to numerical examination.
In the Appendix B we proved, using normal forms calculations, that the fixed point P 1 corresponds to the cosmological solution (B15). Moreover, in order to improve the range and accuracy we calculate the diagonal first order Pade approximants
around t = ∞. This yields the following approximate expressionṡ
while the scale factor is calculated to be
Due to the new conservation law (12) , the allowed values of the constants a 1 , a 2 , b 1 , b 2 are: i)
ii)
It is interesting to note that the power-law solution (13) satisfies the condition
, p
Additionally, after the substitution of the functional forms of (x (τ ) , y (τ ) , z (τ )) in (28) , and the substitution
it follows that the restriction (28) is satisfied for all the values of t.
There exists a relation between τ and t given by
such that t → ∞ implies τ → ∞. Thus, as τ → ∞, this power-law solution approaches the P 1 as t → ∞. For large τ we can invert to have
Thus, we can take as approximation for large τ :
These features are represented in Figure 3 . There it is shown the Poincarè projection of the system (16) The values of c
The Galileon mimics radiation for
. It mimics matter for b 1 = This point has not been obtained previously in [16] and in [17] , since in these works the authors used H-normalization, which fails obviously when H = 0.
• P 2 : − √ 6 λ , 0, −1 always exists. The eigenvalues are 0, −3, −6, so, the points are nonhyperbolic. Using the Center Manifold Theory we have proven that P 2 is stable for λ < − √ 6 or 0 < λ < √ 6, and saddle for − √ 6 < λ < 0 or λ > √ 6. (see appendix C). This point represents kinetic dominated solutions with H → −∞.
So, the Laplacian instabilities associated with the scalar field propagation speed cannot be avoided for this solution [46] .
• P 3 :
λ , 0, 1 always exists. The eigenvalues are 0, 3, 6, so, the points are nonhyperbolic. This point has the opposite dynamical behavior of P 2 . Using the Center Manifold Theory (in a similar way as in the appendix C we can prove that P 3 is unstable for λ < − √ 6 or 0 < λ < √ 6, and saddle for − √ 6 < λ < 0 or λ > √ 6). This point represents kinetic dominated solutions with H → +∞. The values of c
The Galileon mimics dust. Furthermore c 2 s < 0. So, the Laplacian instabilities associated with the scalar field propagation speed cannot be avoided for this solution [46] .
• The fixed point P 4 : (0, 1, 1) exists if λ = 0. As before, it corresponds to the special case V = V 0 , and the coupling function becomes constant too, g = g 0 ; it is a de Sitter solution, but now H → +∞. The eigenvalues are −3, −3, 0, so it is nonhyperbolic. Using the Center Manifold Theory we obtain that it is asymptotically stable (for details see Appendix D). Furthermore, perturbations from the equilibrium grow or decay algebraically in time, not exponentially as in the usual linear stability analysis. The values of c • For each choice ǫ = ±1, there are 1, 2 or 3 isolated fixed points of the form P 6,7 (x c ) : ǫx c , 
,
The fixed points P 6,7 (x c ) represents accelerated solution for
. Since the above analytical expressions for c 2 s and Q S are quite complicated, we have resorted to numerical investigation. To represent the regions of physical interest, we proceed in the following way. Recall that the polynomial P(x) = 6(1 + αλ)x 3 + 3 √ 6(2α + λ)x 2 + 2(3 + λ 2 )x + √ 6λ has a discrete number of roots x c (1, 2, or 3 depending on the parameters α and λ). Since this polynomial is linear in α, we have for each value of x c (x c = 0,
c (λxc+
, α > 0. So, we can represent the regions of physical interests on the parameter space (x c , λ), rather than in the plane (α, λ) (to avoid solving a generically third order polynomial in x c using Cardano's formulas, with the subsequent numerical errors issue). The above procedure leads to the conditions c • The fixed point P 8 : (0, 0, −1) always exists. The eigenvalues are −3, −3, − 6αλ − • The fixed point P 10 : − √ 2. In this region of the parameter space, the cosmological solution is free of Laplacian instabilities and ghosts.
• The fixed point P 11 : √ In this region of the parameter space, the cosmological solution is free of Laplacian instabilities and ghosts.
• The fixed point P 12 : − √ • The fixed point P 13 : √ • The line of fixed points P 14 (z c ) : 0, z 2 c , z c exists for λ = 0. The eigenvalues are (0, −3z c , −3z c ). Thus, it is nonhyperbolic. Using the Center Manifold Theory we obtain that it is asymptotically stable for 0 < z c ≤ 1 and asymptotically unstable for −1 ≤ z c < 0 (for details see Appendix E). The associated cosmological solution corresponds to a de Sitter solution that satisfies φ, H are approximately constant, such thaṫ
where the potential is constant V (φ) = V 0 since λ = 0. The values of c • The line of fixed points P 15 (z c ) :
Thus, it is nonhyperbolic. The stability has to be examined numerically or using Center Manifold calculations.
The values of c
, and q = −1.
This solution is free of Laplacian instabilities and ghosts-free in the region displayed in figure 5 (we used the compact variable α/(1 + α) to cover all real values of α).
FIG. 5:
Parameter space where P 15 (z c ) is free from Lapacian instabilities and it is ghost -free.
• The line of fixed points P 16 (z c ) :
The values of c 
The line of fixed points P 16 (z c ) always satisfy c 2 s Q S < 0. Thus, these solutions suffers either from Laplacian instabilities or from the presence of ghosts.
For the lines of fixed points P 15 (z c ) and P 16 (z c ) the cosmological solutions satisfẏ
respectively, and the potential is constant V (φ) = V 0 since λ = 0.
Finally, the fixed points/ fixed lines at infinity are
, z c with eigenvalues (0, 0). So, it is non-hyperbolic. According to the analysis in A it is generically a saddle.
• (0, −1) with eigenvalues −2λ 2 , −λ 2 . This point attracts nearby orbits lying on the cylinder for all λ = 0. However, if we take into account the stability along r, the point is generically a saddle.
• (π, −1) with eigenvalues −2λ 2 , −λ 2 . This point attracts nearby orbits lying on the cylinder for all λ = 0. However, if we take into account the stability along r, the point is generically a saddle.
• (0, 1) with eigenvalues 2λ 2 , λ 2 . This point repels nearby orbits lying on the cylinder for all λ = 0. However, if we take into account the stability along r, the point is generically a saddle.
• (π, 1) with eigenvalues 2λ 2 , λ 2 . This point repels nearby orbits lying on the cylinder for all λ = 0. However, if we take into account the stability along r, the point is generically a saddle.
ASYMPTOTIC EXPANSIONS IN THE REGIME WHERE THE CUBIC DERIVATIVE TERM DOMINATES
An important question about the present model is: in what phase of the cosmological evolution are the extra cubic interaction terms expected to play an important role? Another interesting question is: how does the cosmological predictions of our model differ from those of standard FRW cosmology driven by a scalar field with exponential potential? To answer these questions we proceed as follows.
To show in what phase of the cosmological history it is expected that the cubic derivatives play a role, let us consider g 0 ≫ 1, and take the limit g 0 to infinity in the equations forḢ,φ. We obtain the approximations
that admits the solution
where we have chosen the initial conditions H(t 0 ) = H 0 , φ(t 0 ) = φ 0 ,φ(t 0 ) =φ 0 . Furthermore, we have
Taking initial conditions such thatφ 0 = 0 or 6H 0 − λφ 0 = 0, we obtain that a(t) ∝ t 1 3 , that is, it corresponds to a radiation dominated universe. On the other hand, if we choose initial conditions such that 3H 0 − λφ 0 = 0, we obtain that a(t) ∝ t 2 3 , that is, it corresponds to a universe dominated by dark matter. For other values of the initial conditions we can model the transition from a radiation dominated universe to a matter dominated one. However, from the leading terms in the Friedmann equations as g 0 → ∞ we obtain
e.g., in the seminal work [49] . Now let us use the above solution as a seed solution to construct an asymptotic expansion for large g 0 when the potential is turned on. Let us define
and let us assumeφ 0 = 0 (without losing generality we can set φ 0 = 0). Then we have at zeroth-order the equation
Since we have assumedφ 0 = 0, the solution is H 0 = λ 6φ 0 . This implies that a(t) ∝ t 2 3 . That is, it corresponds to a universe dominated by a dust fluid/dark matter. Substituting back the value for H 0 in the Klein-Gordon, the Raychaudhuri and Friedmann equations, respectively, we have the following first-order equations:
The solution of (37) that satisfies Φ(t 0 ) = Φ 0 , h(t 0 ) = h 0 is given by:
where we observe that lim t→∞ Φ(t) = ∞ unless
12 , and lim t→∞ h(t) = 0. Furthermore the relative errors are defined to be
and satisfies the conditions
Thus, the relative errors can be small enough for V 0 ≪φ . We see that for V 0 ≫φ 4 0 and finiteφ 0 , the relative errors are large, and the approximation fails. In the former case the potential makes the ideal gas solution unstable, as expected for a universe dominated by a dust fluid/dark matter. That is an important result since the cubic term in the Galileon field provides a matter epoch.
THE GALILEON MODEL WITH MATTER
Until now we have considered the case with vacuum (i.e. ρ m = 0), and we have found at some fixed points c 2 s < 0, and Q S < 0 also. On the other hand, we require for the avoidance of Laplacian instabilities c 2 s ≥ 0 and for the absence of ghosts it is required that Q S > 0. In this section we study if the matter stabilizes the Galileon field, in the sense that it helps to restore the above conditions. To begin with, the definition of c By using the variables
and the parameter α = g 0 V 0 , we obtain a dynamical system the same as before (16):
x = (x, y, z) and functions f 1 − f 4 are defined by (17) . We have an auxiliary evolution equation for
The system can be written in the compact form
where q, the deceleration parameter, can be expressed in terms of the phase-space variables (x, y, z). Observe that the evolution equation for matter decouples from the other evolution equations. The subtle difference, including dust matter, is that the restriction (18) now becomes
Since y ≥ 0,Ω m ≥ 0, the motion of the particle in the phase space is not just restricted to the given surface y 2 + 2x 3 α(− √ 6z + xλ) + y(x 2 − z 2 ) = 0, as it is the case in (16) and (17) . Instead, the phase space is now the set (x, y, z) :
There are recovered the fixed points for the vacuum case, that is, withΩ m = 0; but some existence conditions change which is the main difference between the two cases. The existence conditions for P 10 , P 11 changes to α/λ ≥ 0; the existence conditions of P 12 , P 13 are changed by λ 2 + 3αλ − 3 ≥ 0. The stability conditions changes accordingly. The eigenvalues and stability conditions for P 10 , P 11 remains unaffected when matter is included. The eigenvalues for P 12,13 changes to ± −3,
, but the point will still be a saddle.
The results shown in table II remains unaltered. We conclude then, that the matter background has no imprint in the Galileon field concerning the avoidance of Laplacian instabilities and concerning the absence of ghosts. The conditions c 2 s ≥ 0, Q S > 0 are not restored for the points that violate them.
CONCLUSIONS
In this paper we have studied cubic Galileon cosmology with an extra conservation law from the dynamical systems perspective. The novelty of this model is that was derived by the application of Noether's theorem in the gravitational Lagrangian. Firstly, we have noticed that the fixed points A ± , B ± , C and D investigated in detail in [16] , do not exist in our scenario. So, our analysis has its own right, and it is complementary to all the analysis done before. This new scenario admits power-law solutions. We have found a new asymptotic solution given by the fixed point solution P 1 , which satisfies
while the scale factor is calculated to be a(t) ≈ a 0 e 9b 2 1
. This point has not been obtained previously in [16] and in [17] , since in these works the authors used Hnormalization, which fails obviously when H = 0. This solution attracts the exact power-law solution previously described in [44] for the proper choice of free parameters. Moreover, we have obtained several solutions (P 1 -P 5 , P 8 , P 9 , P 14 (x c ), P 16 (z c )), that violates the conditions c 2 s ≥ 0, Q S > 0 (one or both) suffering from Laplacian instabilities and from the presence of ghosts, that makes them physically less interesting. Excluding the de Sitter solutions, all of them mimic dust solutions. However, we have found other solutions that are free of Laplacian instabilities, and are ghosts-free. For instance:
• The solutions P 6,7 (x c ) can satisfy the conditions c • The fine-tuned solutions P 10 and P 11 , that exists in the unmodified (quintessence) scenario can be sink, respectively, source for 0 ≤ λ 2 ≤ 3 2 , and they satisfy c 2 s ≥ 0, Q S > 0 for 0 < λ 2 < 2.
• The solutions P 12 and P 13 that exists for λ 2 + 3αλ − 3 = 0, mimics dust and they are saddles. We have proved that c
80367. In this region of the parameter space, the cosmological solution is free of Laplacian instabilities and ghosts.
• The line of fixed points P 15 (z c ) :
, and the cosmological solution is given bẏ
This solution is free of Laplacian instabilities and ghosts-free in the region displayed in figure 5 .
Furthermore we have investigated the fixed points at infinity, and all of them are saddle points, so they have no relevance for the early or late time universe.
The Galileon modifications are particularly relevant for the radiation-dominated (early time universe) as shown in [16] by investigating the regime where the coupling parameter satisfy g 0 ≫ 1. On the other hand, for g 0 → 0 the model is well-suited for describing the late-time universe, and we have recovered the standard quintessence results found elsewhere, e.g., in the seminal work [49] . We have constructed asymptotic expansions of the power-law solution for large g 0 when the potential is turned on.
All the previous results were found for vacuum Galileon (ρ m = 0). We have seen that for some points c 2 s < 0, and at some fixed points Q S < 0 also. Since we required to avoid Laplacian instabilities we must have c 2 s ≥ 0 and if we demand the absence of ghosts it is required that Q S > 0. Moreover, we have investigated if the matter stabilizes the Galileon field, in the sense that it helps to restore the above conditions. When we include background matter in the form of dust, we recovered the fixed points forΩ m = 0 but some existence conditions change, especially for P 10 , P 11 and P 12 , P 13 . The stability conditions changes accordingly. The eigenvalues and stability conditions for P 10 , P 11 remains unaffected when matter is included. The eigenvalues for P 12,13 changes, but the point will still be a saddle. The results shown in table II remains unaltered. We conclude then, that the matter background has no imprint in the Galileon field concerning the avoidance of Laplacian instabilities and concerning the absence of ghosts. The conditions c 2 s ≥ 0, Q S > 0 are not restored for the points that violate them. Finally, in order to get a cosmologically suitable scenario we require z > 0 (i.e., H > 0) for accommodating a late-time accelerated expansion phase. For simplicity, we will restrict the analysis to the invariant set of the flow of the system (16) given by z = 1. In this invariant set the total equation of state parameter is w tot = −y. Now, for the special parameters choice α = 3 4λ(3−λ 2 ) , the fixed points P 7 (x c ) merges to one fixed point, denoted by dS, in the plane (x, w tot ) with coordinates (x, w tot ) = λ , 0 which is unstable. In the Figure 6 it is portrayed in the plane w tot vs. x, the typical behavior of our model for α = 3 4λ(3−λ 2 ) and different choices of λ. On the left panel the attractor of the de Sitter point, dS, such that the value w tot = −1 is approached asymptotically. However, we immediately see that there are trajectories connecting the dust point D 2 and the scaling solution S that crosses the phantom divide line (represent by a red dashed line), that eventually enter the w = −1 region. However, some solutions are trapped on the phantom regime. On the right panel, the scaling point S is a stable spiral, and the de Sitter point is a transient one. There are trajectories connecting the dust point D 2 and the de Sitter solution dS, crossing the phantom divide. As in the previous case, some orbits remains on the phantom region. As we have briefly shown, this model has quite interesting cosmological features, resembling the usual late-time dynamics usually found in conventional quintessence models for a non-zero value of α.
Different subjects of study are still open for the integrable model in which new critical points exist. Hence, the requirement of the existence of a conservation law has a physical interpretation in the evolution of the model. However the exact nature of the physical interpretation for this model is still unknown, such an analysis is still in progress. and h(u):
where H 2 the real vector space of vector fields whose components are homogeneous polynomials of degree 2. The canonical basis for the real vector space of 3-dimensional vector fields whose components are homogeneous polynomials of degree 2 is given by
By computing the action of L 
Thus, the second order terms that are linear combinations of the six vectors in (B4) can be eliminated [48] . To determine the nature of the second order terms that cannot be eliminated we must compute the complementary space of (B4) which is 
2 (σ 1 , σ 2 , σ 3 ) h 
We propose the following anzats:
as τ → ∞. Substituting back and comparing the coefficient of equal powers of τ we find the solutions: 
This approximated solution has the correct number of arbitrary constants: a 2 , b 1 , b 2 . Then, we obtain 
From here it is clear that the origin attracts the orbits as τ → ∞.
On the other hand, we geṫ 
